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1 Applications of Banach-Alaoglu

1.1 Banach-Alaoglu for separable Banach spaces
Last time, we stated the following proposition.

Proposition 1.1. If G is separable with the dense subset {x1, o, ...}, then the seminorms
€= |(x,8)] for E € U ={& : ||z|| <1} and j = 1,2,... define the same topology as
o(B*,B) onU.

Proof. It sufficies to check that if O C U is open for o(B*, B), then O is open for the
topology determined by these seminorms. Let £ € U and N be an open neighborhood of
& in o(B*,B). We can assume that N = {£ € U : |(y;,§ — &) | <eVl <j < M}. We
claim that N contained a neighborhood of &y in the topology defined by the seminorms.
For each j € {1,..., M}, pick k; such that [y; —xx, || < /4. If | (xy,, & — &) | < /2 for
1 <j5 < M, then

| (s, & — o) | < [ (yj — iy, & — o) |+ | (mh,, E —0) | <

<llyj =z, [lll€—Eoll<e/2 <e/2
J

forall ¢ € N and 1 < j < M. ThenNQ{er:]<xkj,§—§g>\<5/2,1§j§M},and
the result follows. O

Corollary 1.1. If B is separable, then U = {{ € B* : ||€|| < 1} is a complete metrizable
space for o(B*,B).

Example 1.1. Let f,, € LP(R?%) for 1 < p < oo be bounded: ||f,||zr < C. Then there
exists a subsequence f,,, and f’ € LP such that

/fnkgdx%/fgdm

for g € LY with 1/p+1/q = 1.



When p = 1, L}(R?) C M(R?), the space of bounded measures on R%. If || f,]| 1 < C,
then there exists a subsequence f,,, and a u € M(R?) such that

/fnkgdw% /gdu

for all g € Co(R?), the space of functions which vanish at co.

1.2 Applications of Banach-Alaoglu to minimizing functionals

Definition 1.1. A Banach space B is reflexive if the natural linear isometry J : B — B**
sending = — (£ — (z,€)) is a bijection.

Proposition 1.2 (Minimization of functionals'). Let B be a reflevive Banach space with
B* separable, and let J : B — R be a function such that

1. J is convex: J(Au+ (1 —N)v) < AJ(u)+ (1 —=N)J(v) fir0 <A <1 and u,v € B.

2. J is norm lower semicontinuous: For all x € R, the set {u € B : J(u) > a} is open
iff if un — wg in B, then J(up) < liminf, o J(up).

3. J is coercive: There exists C > 1 such that J(u) > ||ul|2/C — C for all u, for some
q=>1.

In particular, p = infyep J(u) > —oo. Then there exists some uy € B such that J(ugp) = p.

Proof. Let u, € B be such that J(u,) — p. Property 3 implies that (u,) is bounded:
llun|| < C. By Banach-Alaoglu, there exists a subsequence (uy,) and ug € B such that
Up, — ug in o(B, B*). Now J is convex norm lower semicontinuous, so {u € B : J(u) < a}
is closed and convex. By convexity, it is weakly closed, so J is lower semicontinuous with
respect to (B, B*). If u,, — up in o(B, B*), then H(up) < liminf J(u,,) = p, and we
get the claim. O

Here is a concrete application.

Example 1.2. Let Q C R™ be open and bounded and let H'(Q) = {u € L*(Q) : 8,,u €
L*(Q) V1 < j < n} be a Hilbert space with the inner product (u,v)y1 = (u,v);2 +
(Vu, Vv) 2. Define HL() to be the closure of C§°(Q2) in H'(2). This is not all of H;
roughly, u € H}(Q) iff u € HY(Q) and “ulpg = 0.”

Apply the abstract discussion when B = Hg () and J(u) = (1/2) [, |[Vul? dz— [, fudx
where f € L%(Q).2 We claim that there exists some ug € Hy which is a minimizer of .J.
Observe that:

!This application comes from calculus of variations.
2This is sometimes called the Dirichlet functional.



1. J is convex.
2. J is continuous.

3. J is coercive: J(u) > [|Vul[7o — || fllz2llull2 > [Vull7. —ellullp2 — (1/€)[| f]72. Since
ull| 12 < Cl|Vul|z2 for u € O, we get J(w) > (1/C)||ul|, — C.

So we have a minimizer J(ug) < J(ug + €v) for all . Then
d
e . J(up +ev) =0,

where —Aug = f and ug € Hy(2).
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